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4 13 26

Examnext Wednesday Covers through 5.3 whatwe coverof it

Dopartof 5 3

we'veseen lotsof him transfs and
studied thegeometryof some

Def A in transf T mathbbRnrightarrowmathbbRn is orthogonal if it preserves theteeth

of vectors ie

TleftoverrightarrowxrightoverrightarrowxforalloverrightarrowxmathbbRn We'llseeotherequivalent

characterizationsThecorresp matrix is an orthogonal

matrix.ExAleftbeginmatrixcosthetasinthetasinthetacosthetaendmatrixright
defines a rotation in

mathbbR so the

co resp T is orthogonal

1115.3.2 let TmathbbRnrightarrowmathbbRn be an orthog linear transf If
overrightarrowv and

overrightarroww

so it not onlypreserves
length it alsopreserves
orthogonality

Actually preservesangles

are orthog Then so are Tleftoverrightarrowvright and Tleftoverrightharpoonwright

pf
we start with
wedgeoverrightarrowv notnecessarilythe

same lengthneg
overrightarroww

Theredefine a rectangle Notediagonalshavethesame length

overrightarrowvn 7overrightarrowvoverrightarroww
leftoverrightarrowvright

fracleftoverrightarrowwrightoverrightarroww
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Rightarrowoverrightarrowv2overrightarroww2overrightarrowvoverrightarroww2 Pythagoras Thisholdsbecause
rightarrow

v w̅
are orthogonal

To show Tleftoverrightarrowvright Thil are orthogonal we need toshow

Tleftoverrightarrowvright2Tleftoverrightarrowwrighty2TleftoverrightarrowvrightTleftoverrightarrowwright2

let's do that

Since T is linear TleftoverrightarrowvoverrightarrowwrightTleftoverrightarrowvrightTleftoverrightarrowwright So

TleftoverrightarrowvrightTleftoverrightarrowwright2Tleftoverrightarrowvoverrightarrowwright2
T isorthog so it preserves lengths Ileftoverrightarrowvoverrightarrowwright2

leftoverrightarrowvright2leftoverrightarrowwright2 saw above

Tleftoverrightarrowvright2Tleftoverrightarrowvright2 again 4k 1 is orthog

This is x so we'redone

them 5 3 3

a TmathbbRnrightarrowmathbbRn is orthogonal iff Tleftoverrightarrowe1rightldots Tleftoverrightarrowenright form

anorthonormalbasis of mathbbRn

b An mxn matrix A is orthogonal if its columnsform a orthonormal

basis of
mathbbRn
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Note s follows from a andTh 2.1.2 AleftTleftoverrightarrowe1rightleftldotsrightTleftoverrightarrowearightright
I'll leave it to you to readpf of la

AA

a orthogonal checksols are

orthonormal

So to check if a matrix isorthogonal you don't haveto
check that it

preserves lengths Just
check the columns

Sometimes shortens things

Afrac12leftbeginmatrix1111111111111111endmatrixright
ExThm

5.3.4If
A and B are orthogonal then

AB is orthogonal

A1 is

orthogonalif
Think about preserving length Leave deteststo

you.Deflet A be an mxn matrix

Thetranspose of A AT is the nxm matrix obtainedby reversingthe

roles of rows columns

Aleftbeginmatrix0N2vdotsinmendmatrixright



ATleftbeginmatrix111rrr00ldots01vw111endmatrixright18

A squarematrix is symmetric if AAT

Ex Aleftbeginmatrix1234endmatrixrightATleftbeginmatrix1324endmatrixright
Ex

Aleftbeginmatrix123YTCendmatrixright

leftbeginmatrix123245356endmatrixright is symmetric

Now assume A is square Note overrightarrowxcdotoverrightarrowyoverrightarrowxToverrightarrowy

Say

Aleftbeginmatrixoverrightarrowv1leftoverrightarrowv2rightendmatrixrightldotsoverrightarrowvn

ATleftbeginmatrix142536endmatrixright
Exdotprodmatrix

malt.so

ATleftfracoverrightarrowv1Tfracoverrightarrowv2TvdotsoverrightarrowvnTright

Then
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T

ATAleftbeginmatrixfracoverrightarrowv1overrightarrowv2TfracvdotsoverrightarrowvnTendmatrixrightleftoverrightarrowv1leftoverrightarrowv2rightldotsoverrightarrowvnrightleftbeginmatrixoverrightarrowv1cdotoverrightarrowv1overrightarrowv1cdotoverrightarrowv2ldotsoverrightarrowv1cdotoverrightarrowvnvdotsvdotsoverrightarrowvncdotv1overrightarrowvncdotoverrightarrowv2ldotsoverrightarrowvncdotoverrightarrowvnendmatrixright

Them 5.3.7 this is important

let A be an mxn matrix Then A isorthogonal iff ATAIn
ie if ATA1

pff
A is orthogonal if thecolumns

overrightarrowvi form an orthonormal basis

left533right
foralliif overrightarrowvicdotoverrightarrowvi1

overrightarrowvicdotoverrightarrowvj0 forallineqj
keyadditional fait
orthogonal lin transf
preservedotproducts hence

angles notonlyorthogonality
seebelow.it

ATAIn

See Summary 5.3.8 about orthogonal

matricesSeethe 5.3.9 for a summary of basic fonts about transposes


